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We argue that the quartic fermionic potential of five-dimensional Chern-Simons supergravity
induces spontaneous symmetry breaking, in a phenomenon bearing a close connection with the
Nambu and Jona-Lasinio model.
An attractive feature of five-dimensional Chern-
Simons supergravity based on the Lie algebra SU(2, 2|N)
is that it contains SU(N) gauge fields, fermions and grav-
ity. The gauge field Ω ∈ SU(2, 2|N) has the matrix pre-
sentation
Ω =
(
W ψj
ψ¯i Aij
)
where W ∈ U(2, 2), ψi are N Dirac spinors, and Aij
are U(N) gauge fields. The action, first considered by
Chamseddine [1], is
I[Ω] = −ik
∫
STr
(
1
3
dΩdΩΩ +
1
2
dΩΩ3 +
1
5
Ω5
)
= I[W ] + IW [ψ] (1)
where I[W ] is a Chern-Simons theory by itself. Since
we shall be interested in the gravitational and fermionic
degrees of freedom we set Tr(W ) = A = 0 hereafter.
Note that this theory has only two (dimensionless) pa-
rameters, the number of colors N and the level k. The
gravitational equations of motion are
R∧R = −δIW [ψ]
δW
(2)
with R = dW + WW . On the fermion ground state,
it is generally taken from granted that the right hand
side vanishes. The goal of this paper is to study this
assumption in detail.
Chern-Simons gravity was first introduced in [2] in
three dimensions. It was then pointed out [1] that the
same construction can be carried over to five dimensions.
Poincare Chern-Simons supergravities were introduced in
[3], and their anti-de Sitter extensions in [4]. It was con-
jectured in [4] and [5] that M-theory may be described
by eleven-dimensional Chern-Simons supergravity. This
idea has recently been reexamined in [6]. A possible
mechanism relating the field content of standard and
Chern-Simons supergravities was discussed in [7]. The
dynamical structure of higher dimensional Chern-Simons
theories and their associated current algebras was stud-
ied in [8, 9, 10]. See also [11] for other aspects of higher-
dimensional Chern-Simons theories.
Let us start by recalling the meaning of the Chern-
Simons level k and its relation to Planck’s scale. In the
purely gravitational sector, the gauge fieldW is expanded
as
W =
1
2l
eaγa +
1
4
wabγab (3)
where ea is identified as the veilbein, and wab the spin
connection. The length parameter l (AdS radius) is in-
troduced here becauseWµ has dimensions 1/length while
eaµ, related to the spacetime metric by gµν = e
a
µe
b
νηab, has
dimension zero.
The next step is to find Planck’s length, the small
scale parameter, in terms of l and k. Expanding I[W ]
in powers of the curvature tensor we can identify the
term k2l3
√−gR and we thus find
k =
l3
l3p
(4)
where l3p = 8πG. The Chern-Simons level k in
supergravity then measures the quotient “maximum
length”/“minimum length”. In the weakly coupled the-
ory with large k both lengths are far away from each
other.
Having introduced the relevant parameters in our the-
ory we shall now set, for notational simplicity, l = 1. In
this unities, Planck’s length and all associated param-
eters depend only on k. For later use we only quote
Planck’s energy
Ep =
1
lp
= k1/3 (5)
The fermionic term in (1) with N = 1 is [1]
IW [ψ] =
∫ (
2i ψ¯R∇ψ + 4i
k
ψ¯ψψ¯∇ψ
)
(6)
where
∇ψ = Dψ + 1
2
eaγa ψ
R = 1
4
(
Rab + eaeb
)
γab. (7)
D is the Lorentz covariant derivative with D ∧ D = R
and ∇∧∇ = R. For later convenience, we have reescaled
the fermions by ψ → (2/k)1/2ψ.
2As in any supergravity theory, the free part of (6) is
linearly supersymmetric around ψ = 0. The variation of
the free part of (6) under
δψ = ∇ǫ.
yields ψ¯RRǫ which is zero when the linear bosonic equa-
tions of motion (2) hold. The key question is whether
ψ = 0 is the true ground state of the theory or not. If
this was not true, the expansion around a non-zero value
〈ψ〉 would introduce other quadratic terms coming form
the potential. Then, the linear transformations would
not cancel on the background (2) and the ground state
would not be supersymmetric.
We shall argue here that this in fact occurs in the
generic situation. In particular we prove that the fermion
condensate
〈ψ¯γabψ〉 6= 0 (8)
is different from zero. Our analysis has a close anal-
ogy with the Nambu and Jona-Lasinio model [12], al-
though we follow the auxiliary field formalism of Gross
and Neveu [13].
The occurrence of (8) follows from the following obser-
vation. Recalling the expressions (7) for ∇, and applying
the five-dimensional Fierzing identity [14] it is a simple
exercise to express the interaction term as
4i
k
ψ¯ψψ¯∇ψ = 1
k
ψ¯ψψ¯Dψ − 1
4k
ǫabcdee
aψ¯γbcψ ψ¯γdeψ.
Both terms are perturbations of the same order in powers
of k. The second term has the structure (ψ¯γabψ)2, similar
to that arising in the Gross-Neveu model, and we shall
then focus on it. It is important to stress, however, that
the first term could be relevant and it may turn on other
operators like 〈ψ¯γabDψ〉; we shall study this possibility
elsewhere.
Keeping only the second term we rewrite the interac-
tion introducing an auxiliary field σab,
− 1
4k
ψ¯ψψ¯∇ψ → k
4
ǫabcdee
aσbcσde − 1
2
ǫabcdee
aσbc ψ¯γdeψ
whose equation of motion is
σab =
1
k
ψ¯γabψ.
The weak coupling, k →∞, fermionic action we consider
is then,
IW [ψ, σ] =
∫ [
ψ¯
(
2iR∇− /σ
2
)
ψ +
k
4
ǫabcdee
aσbcσde
]
where the 3-form /σ is defined as /σ := ǫabcdee
aσbcγde. It
is now evident that if σ 6= 0, this action is not linearly
supersymmetric under δψ = ∇ǫ.
The effective potential U(σ) governing the values of σ
is defined as
ei
∫
(−U(σ)) =
∫
DψDψ¯ eiIW [ψ,σ]
and we obtain
U(σab) = −k
4
ǫabcdee
aσbcσde + i log det
(
2iR∇− /σ
2
)
.
In a semiclassical approximation, the value of σ is given
by the minimum of the effective potential U . If this min-
imum is not zero, then supersymmetry is broken. We
already see that in the limit of large k the solution is in
fact σab = 0. We now study the contribution from the
first quantum correction.
Although it is nice to have general background inde-
pendent formula for U , the actual computation of the
determinant is complicated because the operator R∇ is
non-minimal and the standard heat kernel formulae can-
not be applied in a straightforward way.
In order to get an idea into the structure of the de-
terminant we consider the large l regime. In this regime,
spacetime is approximately flat and we shall compute the
explicit value of U in that case. Specifically we consider
fieldsW which are slowly varying, while ψ is fast varying,
as compared to l. In this regime we approximate
Rab + eaeb ≈ eaeb
Dψ +
1
2
eψ ≈ dψ (9)
Rather than computing the effective potential directly
from the above formula, it is convenient to rewrite the
fermionic action in flat space. We first note that if the
2-form σab can have non-zero values, Poincare invariance
dictates its general form,
σab =
m
6
ea ∧ eb, (10)
where m is a constant which can be interpreted as the
fermion mass. The action IW [ψ, σ] reduced to flat space
becomes,
I[ψ] =
∫ [
ψ¯µ (γ
µρσ∂ρ −m γµσ)ψσ − 5
6
k m2
]
Of course, if m = 0 I[ψ] is linearly supersymmetric under
δψµ = ∂µǫ, and confirms that this action is the flat space
analogous to IW [ψ, σ].
The question we would like to ask is whether or not
the true minimum of the effective potential is m = 0.
The determinant can now be computed by direct cal-
culation. We first compute the determinant of the Dirac
matrices and obtain
det(γµσρ∂ρ −mγµσ) = 28m8(m2 + ∂µ∂µ)6 (11)
3The pole atm = 0 is expected because the action is gauge
invariant at this point, and the integration over fermions
would require gauge fixing. This pole is however can-
celled by the determinant of the second class constraints
present in the fermionic action. Let us pause to explain
this point.
In a theory with second class constraints GA ≈ 0 with
det{GA, GB} 6= 0, the functional measure contains the
factor det±
1
2 {GA, GB} where the plus/minus sign corre-
sponds to boson/fermions (see [15]).
The flat space fermionic action in a 4+1 decomposition
reads:
L = −ψ†i γijψ˙j + ψ¯i(γijk∂j −mγik)ψk −
5
6
k m2
−ψ†0(γij∂j −m γi)ψi + ψ†i (−γij
←−
∂j −m γi)ψ0
¿From here we identify the Poisson bracket
{ψ αi (x), ψ†j β(y)} = (γˆij)αβ δ(4)(x, y) (12)
where γˆijγ
jk = δki , and the two constraints,
G := (γij∂j −mγi)ψi, G† := ψ†i (−γij
←−
∂j −mγi) (13)
whose Poisson bracket
{G(x), G†(y)} = 4
3
m2 δ(4)(x, y),
is invertible, as claimed. These constraints become first
class in the limitm→ 0 and generate the supersymmetry
transformations. For m 6= 0 they are second class.
Since both G and G† carry spinor indices, there are in
total 8 constraints GA (A = 1..8), and since their Poisson
bracket scales as m2 we have
det{GA, GB}− 12 ∼ m−8.
This factor in the fermion measure cancels the pole in
(11) exactly. This cancellation does not mean that we
can extrapolate our results all the way to m = 0. It only
means that our calculation is correct no matter how small
m is; at the exact value m ≡ 0 the whole theory is differ-
ent, gauge fixing is necessary, and (finite) discontinuities
are actually expected to arise [16].
The final expression for the effective potential in mo-
mentum representation and Euclidean space is then
U(m) =
5k
6
m2 − 6
∫
Λ
d5p
(2π)5
log
(
1 +
m2
p2
)
.
where we have chosen U(0) = 0 and Λ is an SO(5)-
invariant UV cutoff. Before going any further, let us
recall that the fermionic quartic interaction we have con-
sidered here is not renormalizable in five dimensions. As
a consequence, expanding the potential U(m) into posi-
tive powers of Λ one finds a termm4Λ that cannot be ab-
sorbed by a redefinition of the coupling k. We shall pro-
ceed by identifying the physical parameters of the theory
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FIG. 1: Graphical analysis of Eq. (16). The horizontal lines
represent different values for k′3/Λ3. Non-zero solutions (in-
tersections) exist only for k′3/Λ3 < 1. The value of m at
which the intersection occurs increases as k′3/Λ3 → 0.
and write the cutoff in terms of them. Not unexpectedly,
we find that Λ must be of the order of Planck’s energy.
The potential U(m) is clearly stable since, for a given
cutoff, U(m → ±∞) → +∞, and there are no other
poles. The next question is whether symmetry breaking
takes place. Taking the derivative of U with respect to
m one finds the equation,
5km
3
=
∫
Λ
d5p
(2π)5
12m
m2 + p2
, (14)
describing the minima of U . One solution to this equa-
tion is m = 0 corresponding to the unbroken phase.
We would like to know if there are other solutions with
m 6= 0, and less energy. In the following discussion it will
be convenient to redefine the Chern-Simons coupling k
as,
k =
k′3
5π3
. (15)
As it happens for all dimensions greater than two [12, 17],
Eq. (14) has a two-phase structure depending on the
values of k′/Λ. In fact evaluating the integral in Eq.
(14) we see that its non-zero solutions must satisfy
k′3
Λ3
= 1− 3 m
2
Λ2
+ 3
m3
Λ3
arctan
Λ
m
. (16)
This equation is plotted in Fig.1. The left hand side is
represented by straight lines, and the right hand side by
the curve starting at 1, for m = 0, and going mono-
tonically to zero as m → ∞. The intersections de-
fine non-zero solutions. The graph is symmetrical under
m→ −m.
We first note that the intersection occurs only if
k′
Λ
< 1. (17)
If this condition is not fulfilled, the only solution to (14)
is m = 0, and the symmetry is not broken.
From (15) and (5) we see that k′ = 51/3π Ep where
Ep is Planck’s energy. Since the cutoff is the largest
4energy scale we conclude that the physical regime is in
fact the broken phase. Eq. (16) is satisfied, and non-
zero solutions for m exist. We shall see, however, that Λ
should not be too big.
Assume then that a non-zero solution to (16) exists,
and let us call it M . We identify M with the physical
mass of the fermions. On physical grounds we expect
M << Λ, and hence we focus on the region near the
origin of Fig.1. In this region we can approximate (16)
and M satisfies,
k′3 = Λ3 − 3ΛM2. (18)
Now, since M is the physical mass “fixed by experi-
ments” it is natural to use this equation to eliminate the
cutoff in terms of the two physical quantities M and k′.
To first order in M2/k′2 we find
Λ = k′
(
1 +
M2
k′2
+ · · ·
)
. (19)
Now we replace this value of the cutoff in the original
potential and find the leading contribution in the large
k′ expansion
U(m) =
k′
4π3
(m4 − 2M2m2) +O(1). (20)
This potential does not depend on the cutoff and exhibit
symmetry breaking for all positive values of M2. By
construction the value of m at the minimum is M , and
U(M) = − k
′
4π3
M4 < U(0).
Hence m =M and not m = 0 represents the true ground
state.
It is interesting now to observe that Λ ∼ k′ ∼ k1/3 and,
in view of (5), we find the expected result Λ ∼ Ep (plus
small corrections given by the fermions mass). Eqns.
(16) and (5) tell us that the fermion mass will satisfy
m << Λ, provided Λ is of the order of Ep. If the cutoff
is taken all the way to infinity then m diverges as well.
We would like to end with some comments and future
prospects. We have shown that the effective potential
governing the vacuum expectation value of the opera-
tor σab = (1/k)〈ψ¯γabψ〉 does exhibit symmetry break-
ing. We have only computed the value for the potential
on a flat background: it would be very interesting to
find U for an arbitrary background. This would allow
the study of the back reaction from the fermions fields
to the geometry, and would be particularly relevant in
view of the results of [7]. In fact the original motivation
for this calculation was to study the possibility of non-
trivial vacuum sources in (2) coming from the fermions,
but in order to analyze this point properly we need the
effective potential on a general field W . Finally, it would
also be interesting to study the effect of the interaction
term (1/k)ψ¯ψψ¯Dψ that we have discarded in the large k
limit.
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